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THE GRAVITATION THEORY
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Chapter 10
The Einstein equations and the
sour es of a gravitational eld.
10.1 Why Riemannian geometry?
As argued in Se . 1.4, gravitational for es an be simulated by inertial for es in a elerated
motion. Spe ial relativity des ribes relations between obje ts in uniform motion with
respe t to inertial frames, while gravitational intera tions are negle ted. The metri of
the Minkowski spa etime in an inertial referen e frame has onstant oeÆ ients. If we
transform that metri to an a elerated frame, the omponents of the metri will be ome
fun tions. Hen e, a gravitational eld should have the same e e t: the metri should
have non- onstant omponents { but, unlike in the Minkowski spa etime, it should not be
possible to make the metri omponents onstant by a oordinate transformation. This
was, in great abbreviation, the basi observation that led Einstein to general relativity [48℄.
This idea had to be supplemented with equations that would generalise Newton's laws
of gravitation, and would relate the metri to a measure of the gravitational eld. The
derivation of these equations will be presented in the present hapter.

10.2 Lo al inertial frames.
Let us re all the on lusion of hapter 1: the Universe is permeated by gravitational elds
that annot be s reened. Their intensity an be de reased by going away from the sour es,
but one an never de rease that intensity below the minimum determined by the lo al
mean density of matter in the Universe. For this reason, no body in the Universe moves
freely in the sense of Newton's me hani s, and onsequently inertial frames an be realised
only with a limited pre ision. Moreover, there exists no natural standard of a straight line,
so the departures of real motions from re tilinearity annot be measured.
However, let us re all that for a body falling freely in a gravitational eld the inertial
[48℄ A. Einstein, Ann.
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pp. 109-164 in Ref. [6℄.
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for e aused by the a eleration balan es the gravitational for e. Assume for the beginning
that the gravitational eld is homogeneous. Then, two bodies falling freely in it will have
the same a eleration all the time, so their relative a eleration will be zero, and, relative
to ea h other, they will either be at rest or move with a onstant velo ity. Consequently,
the frame of referen e onne ted with a body falling freely in a homogeneous gravitational
eld is inertial.
But homogeneous gravitational elds do not exist in Nature. However, at every point
along the traje tory of a body falling freely in any real gravitational eld, the gravitational
for e and the inertial for e an el ea h other. Hen e, if the gravitational eld is ontinuous
(whi h is the ase in all pra ti al instan es), then, in a suÆ iently small neighbourhood
of the falling body the inertial for es will be arbitrarily small. Given the minimum for e
" that an be measured by a given apparatus, a falling body B will, at every point of its
traje tory, determine a sphere of radius Æ inside whi h the inertial for e will be smaller
than ", i.e. non-measureable. Inside that sphere the referen e system de ned by B will
thus be \pra ti ally" inertial. It is alled the lo al inertial frame of the body B { lo al
be ause it di ers from the universal inertial frame postulated in Newton's theory. There is
an in nity of lo al inertial frames and two di erent su h frames will in general move with
a eleration relative to ea h other { for example, the lo al inertial frames of bodies falling
freely toward the Earth from opposite dire tions. Thus, at a suÆ iently large distan e
from a freely falling body its lo al inertial frame eases to be inertial.

10.3 Traje tories of free motion in Einstein's theory.
Let us re all one more on lusion of hapter 1: Sin e no model of a straight line exists
in Nature, it will be simpler to assume that the geometry of our spa e is non-Eu lidean,
and in that geometry material bodies move by free motion. What was alled \gravitational
eld" in Newton's theory will be a onsequen e of the non-Eu lidean geometry in whi h the
motions take pla e. By the argument of Se tion 10.1, the appropriate lass of geometries
are the Riemann geometries. They do ontain the Eu lidean geometry as a spe ial ase,
and, be ause of the oordinate-independent formalism they use, they are onsistent with
the postulate of equivalen e of all referen e systems.
In a Riemann spa e, the analogue of a straight line is a geodesi line. If the urvature
goes to zero, the Riemannian geometry goes over into the Minkowski geometry, and the
geodesi lines go over into straight lines. Hen e, geodesi lines are natural andidates for
the traje tories of free motion. In addition, they have the following property:
Theorem 10.1 For a given timelike geodesi G, the oordinates in a Riemann spa e V4
an be hosen so that the Christo el symbols vanish along G.

The vanishing of the Christo el symbols means that along the geodesi , the lo al gravitational eld will be approximately zero (not exa tly zero be ause the derivatives of the
Christo el symbols will not vanish, and so the urvature will be nonzero.)
Proof:
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(Latin indi es will label ve tors, the lower ase ones will run through the values 0; 1; 2; 3,
the upper ase ones will run through the values 1; 2; 3. Tensor indi es running through the
values 1; 2; 3 will also be denoted by Latin letters. Wherever onfusion might arise, ve tor
indi es will have a hat over them.)
At a hosen point p0 2 G, we hoose su h a basis in the tangent spa e that eb0 (p0 )
is tangent to G, and the other ve tors, eA (p0), A = 1; 2; 3 are orthogonal to eb0 (p0), i.e.
g eb0 eA jp = 0. Then we de ne the bases ei (p) in a neighbourhood of G as follows:
1. For p 2 G, we transport ei (p0) parallely from p0 to p along G.
2. For p 62 G we draw a geodesi G0p through p that interse ts G orthogonally (see Fig.
10.1). Let p0 2 G be the point of interse tion of G0p and G. Then we transport the basis
ei (p0 ) (already de ned in point 1) to p along G0p .
This pro edure works provided there are no singular points on G0p (otherwise the geodesi
would not go through the singularity). It gives a unique result provided that p is not too
distant from G, otherwise the geodesi s orthogonal to G might interse t ea h other.
0

G

p’

w σ
p

s

p0

Figure 10.1:

Constru tion of the Fermi oordinates in whi h the Christo el symbols
vanish along a given timelike geodesi G. More explanation in the text.

The following equations hold on G:
ei ; j G = 0 ;
ei ; G = 0:
(10.1)
The rst eq. follows be ause (i) ei ; eb0 jG = 0 in onsequen e of the basis ei being
transported parallely along G and eb0  being tangent to G; (ii) ei ; eS jG = 0 (S = 1; 2; 3)
in onsequen e of eS  at G being tangent to one of the geodesi s used to transplant the
bases parallely to other points. Consequently, ei ; ej  jG = 0 for all j = 0; 1; 2; 3. The
se ond of (10.1) follows from this one and ei ei = Æ .
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Now using (10.1) in the de nition of the onne tion oeÆ ients, eq. (4.19), we get
 

G

= es

es

(10.2)

j

; G:

Sin e the Christo el symbols are symmetri , this implies at on e
(10.3)
ei ; G = ei ; G :
We have de ned the basis (up to rotations of eA (p0), A = 1; 2; 3), but we have not so
far de ned the oordinates. Let w be the unit tangent ve tor to G0p (w w = 1, see Fig.
10.1), and let  be the length of the segment of G0p between p0 and p ( = 0 for points on
G). Let s be the length of the segment of G between p0 and p0 . For the point p we de ne
the time oordinate x0 = s and the spa e oordinates
A = 1; 2; 3:
(10.4)
xA = w (p0 )eAb (p0 );
In the oordinates (s; xA) thus de ned, alled Fermi oordinates, we have
eb0 (p0 ) =

sin e eb0 is tangent to G, and
eA 0 (p0 ) = 0;

x
s

G

= Æ

(10.5)

0;

A = 1; 2; 3;

w0 = 0

(10.6)

be ause eA (p0) and w lie in the subspa e of the tangent spa e to V4 in whi h x0 = onstant.
Eqs. (10.5) and (10.6) imply that the matrix ei (p0) has a blo k form. Consequently, the
inverse matrix ei (p0) must have the same blo k form:
(10.7)
eb0 A (p0 ) = Æ 0 ;
eAb0 (p0 ) = 0:

Now let us di erentiate (10.4) by . Sin e w(p0) and eAb(p0) do not depend on , we have
A
(10.8)
wA( ) def
= ddx = w(p0)eAb(p0 ) = wA(p0);
whi h means that wA does not depend on . In onsequen e of (10.6), this implies that
wA(p0 ) = wK (p0 )eAbK (p0 ); K = 1; 2; 3, and so
(10.9)

eAbK (p0 ) = Æ AbK ;

sin e wK (p0) is an arbitrary 3-ve tor at p0 . From (10.7) and (10.9) we get then
ei (p0 ) = Æ i ;
ei (p0 ) = Æ i :
This implies that ei (p0) is onstant along G, and so
ei ; eb0

G

= s ei (p0) =

ei ;0 G = 0;

ei 0;

G

= 0:

(10.10)
(10.11)
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(The se ond equation follows from the rst one by (10.3).)
Now note that
d w ei   D w ei  = 0;
(10.12)
d
d
be ause w is tangent to a geodesi on whi h  is the aÆne parameter, while ei is parallely
transported along that geodesi . Moreover, (10.8) implies dw =d = 0, hen e
i
0 = dd w ei  = w dde = w w ei ; = wAwB eiA;B ;
(10.13)
whi h means ei(A;B) G = 0, be ause along G wA is an arbitrary ve tor orthogonal to G.
Then, from (10.13)
ei A;B G = 0:
(10.14)
Eqs. (10.11) and (10.14) mean that ei ; jG = 0, and so, from (10.2):
 

G

= 0:



(10.15)

The physi al meaning of (10.15) is that in a suÆ iently small neighbourhood of ea h
by straight lines. This neighbourhood is thus a lo al inertial frame. This is one more
suggestion that geodesi s should be the traje tories of free motion in relativity.
p0

2 G, other geodesi s emanating from p0 are, up to rst-order terms, approximated

10.4 Spe ial relativity vs. gravitation theory.
We have so far dealt with the postulate that general relativity should redu e to the Newtonian kinemati s of free motion in the limit of vanishing gravitational eld. However,
in between these extremes there is spe ial relativity that des ribes the kinemati s of free
parti les in the absen e of gravitation, but takes into a ount velo ities omparable to the
velo ity of light. In the previous se tions we have thus dis ussed a two-stage limiting transition: with the gravitational eld to zero and with the velo ity of light to in nity. When
we swit h o the gravitational eld, but put no limits on the velo ities, the geometri
theory of gravitation should reprodu e spe ial relativity.
The spa etime of spe ial relativity is a 4-dimensional at Riemann spa e of signature
(+
). The Riemann spa e of general relativity should thus be of the same signature.
This is be ause a hange of signature means either a dis ontinuity in some metri omponents or at least one omponent of the metri passing through zero value, while we expe t
that the \swit hing o " of the gravitational eld an be done in a ontinuous way and
does not lead through any singularities.

10.5 The Newtonian limit of relativity.
We assumed that with the gravitational eld swit hed o , general relativity should reprodu e spe ial relativity, and, subsequently, with the velo ity of light be oming in nite it
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should reprodu e the Newtonian kinemati s of free motion. A logi al onsequen e of these
two postulates is the requirement that when the velo ity of light is made in nite while the
gravitational eld is still there, general relativity should reprodu e the Newtonian theory
of gravitation. Hen e, the eld equations of general relativity should, in the limit ! 1,
reprodu e the Poisson equation
 = 4G;
(10.16)
where  is the gravitational potential and  is the density distribution of the matter generating the gravitational eld.

10.6 Sour es of the gravitational eld.
In the theory of gravitation that we are now onstru ting, the gravitational eld should
manifest its presen e as non- atness of the metri . Consequently, the metri tensor should
be the devi e to des ribe gravitation. The metri tensor in 4 dimensions has in the most
general ase 10 omponents. Hen e, we will need 10 equations to determine it.
The des ription of the sour e of gravitation should thus be orrespondingly elaborate,
and it should be a generalisation of mass-density. A ording to spe ial relativity, the mass
of a body depends on its energy. Hen e, the energy of motion of a ontinuous medium
should ontribute to the gravitational eld, and so should the internal energy, e.g pressure
in a uid and stresses in a solid.
In spe ial relativity, the physi al state of a ontinuous medium is des ribed by the
energy-momentum tensor T . In any hosen oordinate system, its omponent T00 is
equal to the energy-density  2 , the omponents T0I , I = 1; 2; 3 form the 3-dimensional
ve tor of energy stream through a unit area of surfa e orthogonal to the dire tion of ow,
and the omponents TIJ form the stress tensor. The tensor T is symmetri , and so has in
general 10 independent omponents. Consequently, it is a natural andidate for the sour e
in the eld equations of gravitation.
The equations of motion are di erential relations between various omponents of the
energy-momentum tensor. In the Cartesian oordinates, they are T ; = 0. In any other
oordinates then, they take the form
T ; = 0:
(10.17)
If the T should be the sour e in the eld equations determining g , then the equations
must be onsistent with (10.17).

10.7 The Einstein equations.
Sin e the gravitational eld should be a onsequen e of the geometry being non- at, it
should be onne ted with the urvature tensor whi h ontains se ond derivatives of the
metri . If the urvature is ontained in the left-hand side of the eld equations, then these
equations will be of se ond order in the metri . This suggests that the omponents of the
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metri should be analogues of the Newtonian gravitational potential. In that ase, the
traje tories of motion (the geodesi s) would be determined by the rst derivatives of the
potential, just like in Newton's theory.
The Riemann tensor is of rank 4, while the energy-momentum tensor is of rank 2.
Hen e, if the Riemann tensor were equal to some quantity onstru ted out of the energymomentum tensor, then the sour e of the gravitational eld would be a quadrati fun tion
of matter density, and this would make the transition to Newton's theory ompli ated. We
should thus rather equate a ertain quantity onstru ted from the Riemann tensor to the
energy-momentum tensor. One good andidate is the Ri i tensor:
R = R  :
(10.18)
It is symmetri and linear in the se ond derivatives of the metri . The eld equations
might thus read R = T , where  is a onstant oeÆ ient. However, su h equations
are not onsistent with (10.17) be ause in general R ; 6= 0. But the Ri i tensor obeys
another identity in onsequen e of the Bian hi identities (7.15), whi h may be written as
(10.19)
R Æ; + R Æ; + R  ;Æ = 0:
Contra ting this equation with Æ g Æ we get
G ; = 0;
(10.20)
where
G def
= R 21 g R; R def
= R  ;
(10.21)
is alled the Einstein tensor. It is symmetri , linear in se ond derivatives of the metri ,
and obeys (10.20), whi h is identi al in form to (10.17). Hen e, G is a better andidate
for the left-hand side of the eld equations, whi h should thus read
1 g R = T :
R
(10.22)
2
These are the Einstein equations. The oeÆ ient  will be determined in Se . 10.9 from
the ondition of orresponden e of (10.22) to the Poisson equation (10.16).
In va uum the Einstein equations take the form G = 0, whi h is equivalent to R =
0. Thus, the Ri i tensor represents that part of urvature whi h is algebrai ally determined
by matter and vanishes in va uum. The part of the urvature that propagates out of the
sour es into the surrounding va uum is the tra eless part of R Æ , alled the onformal
urvature tensor or the Weyl tensor, de ned by
C Æ def
= R Æ + n 1 2 Æ Æ R  n(n1 1) Æ Æ R;
(10.23)
where R  def
= R  n1 Æ  R is the tra eless part of the Ri i tensor. (Note: this de nition
makes sense only for n > 2.) Studying the properties of C Æ is a large and important part
of the relativity theory, but it is omitted in this ourse for la k of time and spa e. We mention only one important topi . In 4 dimensions, in onsequen e of all the (anti)symmetries
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in its indi es and zero tra e, the Weyl tensor has at most 10 independent omponents.
These an be uniquely mapped into omponents of a 3  3 symmetri and tra eless omplex matrix. Su h matri es an be lassi ed by the degree of the minimal equation they
obey and by the number of their eigenvalues. This is alled the Petrov lassi ation
[49℄. It serves as an invariant riterion for de iding whether two given metri s are genuinely inequivalent, or are just di erent oordinate representations of the same metri : if
their Petrov types are di erent, then they annot be transformed one into the other by
oordinate transformations. (If their Petrov types are the same, then the question remains
open.) This equivalen e problem is until now not solved in general, and it is not even
algorithmi , but attempts to solve it \in pra ti e" are under way ([33℄, Chapter 9 and [50℄).
It may seem unbelievable that su h important and nontrivial equations should be derived almost without al ulations and without experimental hints, by a spe ulation that
was in pla es non-unique. However, this is how it was; Einstein a tually guessed his
equations by a reasoning des ribed above in great abbreviation (it had taken him about 10
years to arrive at them.) Einstein's reasoning is des ribed in Ref. [5℄, and also in Einstein's
papers reprinted in Ref. [6℄.
Be ause of non-uniqueness of the reasoning leading to (10.22), Einstein's is not the
only geometri theory of gravitation that an be built upon the Newton theory and spe ial
relativity. Almost every one of the intuitive assumptions made along the way an be
modi ed so that another set of equations will result. Some of those alternative theories
are brie y presented in Ref. [11℄. However, Einstein's theory has su essfully passed all
experimental tests, whereas the ompeting theories were either proved in onsistent with
experiment or else found to di er in their predi tions from Einstein's relativity by so little
that experiments annot distinguish between them.

10.8 Hilbert's derivation of the Einstein equations.
The derivation of (10.22) in the previous se tion was based on Einstein's original reasoning. However, David Hilbert had worked on deriving these equations simultaneously with
Einstein by a di erent method, and, taking things formally, was the rst to publish the
orre t result7 [5℄. Hilbert proposed that all theories in mathemati s and physi s should be
[49℄ A. Z. Petrov, U henye Zapiski Kazanskogo Gosudarstvennogo Universiteta im. V. I. Ulyanovi ha114(8), 55 (1954); reprinted in English in Gen. Relativ. Gravit. 32, no 8, 1665 (2000), with an
editorial note by M. A. H. Ma Callum, Gen. Relativ. Gravit. 32, 1661 (2000) and author's biography by
A. Gusev, Gen. Relativ. Gravit. 32, 1663 (2000).
[50℄ K. Lake, General Relativity Database. (An intera tive program to identify manifolds with given
properties.) Available at www.grdb.org.
7 Hilbert presented the sub lass of (10.22) orresponding to T
= 0 and to T being the energymomentum tensor of the ele tromagneti eld at the meeting of the Royal A ademy of S ien es at Gottingen
on 20th November 1915. Einstein presented the nal orre t form of (10.22) at the meeting of the Prussian
A ademy of S ien es in Berlin on 25th November 1915. This game with dates is only a histori al uriosity.
Einstein was the unquestionable spiritual father of relativity, and Hilbert himself made that point repeatedly. Einstein had worked on relativity sin e about 1907, and had published several papers explaining the
basi ideas and preliminary results. Hilbert joined in about 1913, and was in uen ed by Einstein's ideas
from the beginning.
Lenina
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derived by dedu tion from sets of axioms. For the gravitation theory, he postulated to use
a variational prin iple. The reasoning leading to the a tion fun tional, just like Einstein's
own reasoning, ontains a few assumptions that are justi ed only intuitively. (Most of
the other geometri theories of gravitation were derived from variational prin iples, whi h
on rms that the method is not unique.)
Hilbert proposed the following axioms
I. The eld equations of gravitation should follow from a variational prin iple. The
independent variables in the a tion integral should be the omponents of the metri tensor.
II. The a tion fun tional should be a s alar.
III. The Euler{Lagrange equations (i.e. the eld equations) that will follow from that
fun tional should be di erential equations of se ond order in g .
For details of Hilbert's derivation see Ref. [11℄. His a tion fun tional is R p gRd x,
V

4

where g = det jjg jj, R = g R { the tra
e of the Ri i tensor, and V is an unspe i ed
p
region of the spa etime. The expression gd4 x is the element of 4-dimensional volume
of V . The variations Æg are assumed to vanish on the boundary of V .
Hilbert's variational prin iple works safely only in deriving the Einstein equations in
full generality. With a less-than-general
metri , for example with symmetries, the Euler {
Lagrange equations for p gR may have nothing to do with Einstein's. This happens for
a large subset of the Bian hi-type models be ause of their spatial homogeneity [51℄.

10.9 The Newtonian limit of Einstein's equations.
In Newton's theory, far from the sour es the gravitational eld be omes weak and should
disappear in the limit of in nite distan e. In that limit, the metri tensor should tend
to the at metri of spe ial relativity. This is only a `thought experiment' be ause, as
mentioned earlier, the intensity of the gravitational eld an never be smaller than the
value determined by the average matter density in the real Universe. The spa etime whose
metri be omes at at an in nite distan e from the sour e of the gravitational eld is
alled asymptoti ally at. Only in su h spa etimes an we onsider the Newtonian limit
of general relativity. The oordinates that, in the same limit, go over into the Cartesian
oordinates of spe ial relativity are alled asymptoti ally Cartesian.
From Se . 10.5 it follows that in the limit ! 1, general relativity should redu e to
Newton's theory of gravitation. Hen e, in the same limit, the equation of a geodesi should
redu e to the Newtonian equation of motion of a parti le in a gravitational eld
dv
m I = m;I ;
(10.24)
dt
where vI is the velo ity of the parti le and  is the gravitational potential.
Newton's equations of motion follow from the variational prin iple
[51℄ M. A. H. Ma Callum, in General Relativity, an Einstein Centenary
Hawking and W. Israel, Cambridge University Press 1979, p. 552{553.

Survey

, Edited by S. W.
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Z t2

(10.25)
where L def= 12 mÆIJ vI vJ m;
t
while the equations of a geodesi follow from another variational prin iple
Z t
Æ
Ldt = 0; where L = ddst :
(10.26)
t
The Euler{Lagrange equations do not hange when the Lagrangian is multiplied by a
onstant or when a onstant is added to it. Hen e, we require that
lim
(C L + C2) = L;
(10.27)
!1 1
where C1 and C2 are onstants, as yet unknown. The Newtonian lagrangian has the
dimension of energy. The relativisti lagrangian is
r
I J
I
d
s
L = dt = g00 + 2g0I v + gIJ v v2 ;
(10.28)
where I; J = 1; 2; 3 and vI = dxI =dt. The expression under the square root is dimensionless,
so the dimension of L is . The dimensions of both sides in (10.27) will thus be the same
when C1 = m , where is dimensionless.
The Newtonian L ontains the kineti energy of the parti le.
p In spe ial relativity, the
kineti energy is an inseparable part of the total energy m 2 = 1 (v= )2. Hen e, C2 in
(10.27) must an el the rest energy ontained in C1L. We thus take C2 = m 2; = 1,
and the sign of will follow later. Finally, (10.27) be omes
"
!#
r
I
I vJ
v
v
1 Æ mvI vJ m:
2
g
+
2
g
lim
m
+
g
+
=
(10.29)
00
0
I
IJ
2
!1
2 IJ
Developing the square root by the Taylor formula up to terms of order (v= )2 we get
Æ

1

Ldt = 0;
2

1

r

= pg

g00 + 2g0I

+ gIJ v v2

I J



 3
gIJ
g0I g0J v I v J
1
+ 2 pg g 3=2
+ O v3 :
2
00
00
are present in L, so g0I =pg00 !1
! 0 must hold, i.e.

g0I v I
+
p
00
g00

No terms linear in vI =

vI

pgg0I00

 2
v

(10.30)

(10.31)
Then the term g0I g0J =g003=2  in (10.30) be omes a orre tion of order v4= 4 to gIJ =pg00.
Hen e, using (10.30) and (10.31) we get in (10.29)

 v 
gIJ v I v J
e
1 Æ vI vJ ;
p
2
g
+
)
+
=
+
O
(10.32)
(
lim
p
00
!1
2 g00
2 IJ
=O

2

:
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where egIJ = gIJ

O (v 4 = 4 ).
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The equation above should be an identity in vI , so
v
2 ( pg + ) =
;
(10.33)
+O
00
v 
(10.34)
pg egIJ = ÆIJ + O :
00

From (10.33) we have



pg = 1
00



2

+O

 3 
v

3

(10.35)

:

We have not yet onsidered the ondition that in the limit of vanishing gravitation,
the metri in (10.26) should go over into the Minkowski metri . The term O (v3= 3) is of
higher order than = 2, so if = 2 !1
! 0, then


1



2

+O

 3 
v

3

! 0:

(10.36)

!0

Moreover, = !!0 1 must hold. But and are independent of and , so = = 1.
With the signature (+
) (10.34) implies that < 0, while = 1 by de nition, so
nally = 1; = +1. The nal result is thus, from (10.35), (10.31) and (10.34):
 2
 3
v 
v
v
2

:
(10.37)
;
g =O
;
g = Æ +O
g =1+ +O
00

2

0I

3

IJ

2

IJ

Equations (10.37) follow from onditions imposed on the equations of motion. Now we
shall investigate the limit ! 1 for the eld equations.
From the equation g g  = Æ , taking onse utively the ases f = 0; = I 6= 0g,
f = = 0g and f = I 6= 0; = J 6= 0g we on lude that
 2
 3
v 
2

v
v
00
0
I
g =1
:
(10.38)
;
g =O
;
g IJ = Æ IJ + O
+O
2

3

2

Using these in the formulae for the Christo el symbols we get
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=
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;II
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00
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(10.40)
(10.41)
(10.42)

:

 3
v

3

3

=

(10.39)

(sum over I );

(10.43)
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R0I

=

O

 2
v

2 ;

RIJ

=O

v 

:

(10.44)

The Einstein equations (10.22) an be written in the equivalent form


1
g T ;
where
T def
=g T :
(10.45)
R = T
2
Sin e T00 is the energy-density, it ontains a ontribution from the rest energy. All other
ontributions to T00 must be by at least one order in smaller than that, so T00 =  2 +O( ),
where  is the mass-density. The omponents T0I form the ve tor of energy stream. In
the limit ! 1, motion of matter should have no in uen e on the gravitational eld it
generates.8 Consequently, T0I should be negligible in the limit ! 1, thus T0I = O( ).
The omponents TIJ des ribe the stress energy-density. Compared to rest energy, any
other kind of energy is by 2 orders in smaller, so TIJ = O(1). Hen e, nally
T = g T =  2 + O ( ):
(10.46)
From here


1
2
R00 =   + O( ) ;
(10.47)
2

R0I = O ( ) ;
RIJ = O 2 :
(10.48)
From (10.47) and (10.43) we have
 3


v
1
;II
2
(10.49)
2 + O 3 =  2  + O( ) :
In the limit ! 1 this should be equivalent to the Poisson equation ;II = 4G, so
8G :
=
(10.50)
4

The remaining equations in the set, (10.48), impose limitations on the terms O(v2= 2 ) in
g0I and O(v= ) in gIJ . These an be read out if we want to onsider the Einstein theory as
a small perturbation imposed on the Newton theory in a weak gravitational eld. There
are various approa hes to this appli ation of general relativity, the most modern of them
is the Parametrized Post-Newtonian (PPN) formalism, see Refs. [52℄ and [4℄. Formally, in
the limit ! 1 eqs. (10.48) are ful lled identi ally.
In the equation R00 =  T00 21 g00 T  we had to in lude terms of order 1= 2 be ause
the relativisti time oordinate is x0 = t, and so every di erentiation by x0 introdu es the
fa tor 1= . In order to liberate R00 from the fa tor 1= 2 introdu ed in this way, we had
to multiply (10.49) by 2. To a hieve the same in Eqs. (10.48) we would have to multiply
them by , and then they would turn into the identities 0 = 0 in the limit ! 1.
8 If the mass distribution does not hange with time, then its motion is not dete table via its gravitational eld. For example, the exterior gravitational eld of mass in axisymmetri rotation in Newtonian
theory is not distinguishable from the eld generated by a stati mass with the same distribution.
[52℄ C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation. Freeman, San Fran is o 1973.
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10.10 Examples of sour es in the Einstein equations:
perfe t uid and dust.
A uid whose pressure is isotropi while the transport of energy o urs only by means of
mass- ow is alled a perfe t uid. It does not ondu t heat or ele tri urrent, and its
vis osity is zero. We will now dedu e the form of its energy-momentum tensor.
If u is the velo ity eld of an arbitrary ontinuous medium, while s is the proper time
on the lines of ow of that medium, then
(10.51)
ds2 = g dx dx
and u = ddxs :
These imply
g u u = 1:
(10.52)
This holds for every ontinuous velo ity eld and for any medium.
Now let us hoose, for a while, the oordinates adapted to u , in whi h u = Æ 0,
i.e. the time- oordinate x0 is the aÆne parameter on the ow lines of matter, and
dxI (s)=ds = 0; I = 1; 2; 3, where xI (s) are spatial oordinates of the parti les of the uid.
Thus, xI = onst, whi h means that the parti les of the uid do not move with respe t to
the timelike hypersurfa es of the oordinate system. Su h oordinates are alled omoving. Their onstru tion an be visualised as follows: We hoose an arbitrary hypersurfa e
S that interse ts all ow lines of the uid, and an arbitrary oordinate system within S .
To ea h parti le of the uid we then assign the spatial oordinate xI of the point where it
rossed S . To assign the time- oordinate to a point p in spa etime we take the ow line Cp
that passes through p. The time- oordinate of p is the proper time that elapsed between
the event of Cp interse ting S and the event of Cp passing through p.
By de nition, T00 (p) is the energy density measured at a given point p. In omoving
oordinates, the only energy that a parti le an have is its inner energy  = (rest energy)
+ (energy of thermal motion of its parti les) + ( hemi al energy). Hen e, T00 = , and, at
the same time, T00 = T u u , so
T u u = :
(10.53)
This is now an equality of two s alars, so it holds in any oordinates.
Again by de nition, T I 0, I = 1; 2; 3 is the ve tor of the energy stream. But in the
omoving oordinates, there are no energy ows in a perfe t uid, so T I 0 = T I u = 0.
This implies that T u = u , and from (10.52) and (10.53) we nd that  = , so
T u = u ;
(10.54)
whi h is again a tensor equation.
Now hoose a point q and an arbitrary ve tor v (q) that is orthogonal to u (q):
u ( q ) v ( q ) = 0:
(10.55)
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The ve tor v (q) points from q toward a neighbouring parti le. Sin e eq. (10.55) says that
the proje tion of the velo ity on v (q) is zero, it follows that the parti le to whi h v (q)
points does not move relative to q. The olle tion of all ve tors having the property (10.55)
thus determines a 3-dimensional volume element omoving with the parti le that was at q.
Consequently, the Pas al law must apply in this volume element: the pressure p exerted on
the surfa e element  in the uid reates the for e f = p in the dire tion nI , I = 1; 2; 3
orthogonal to . The pressure p and the for e f do not depend on the dire tion of nI , i.e.
on the orientation of  within the uid. Let T I J denote the Newtonian (3-dimensional)
stress tensor. (The minus sign is a onsequen e of the signature (+
), in whi h the
spatial part of the energy-momentum tensor T is not the stress tensor  I J itself, but
 I J .) By the de nition of the stress tensor, the following must hold
T I J nJ = fnI  pnI ;
(10.56)
whi h implies
T I J nJ = pnI :
(10.57)
I
The ve tor n is an arbitrary ve tor in the 3-dimensional subspa e orthogonal to u (q).
The equation (10.57) shows that every su h ve tor is an eigenve tor of the matrix T I J
onne ted with the eigenvalue ( p), whi h implies
T I J = pÆ I J :
(10.58)
The ve tors nI in (10.56) { (10.58) are in general not orthogonal to any hypersurfa es, and
so annot de ne a oordinate system. However, at every point q of the manifold, in the
tangent spa e we an hoose an orthonormal basis eIb , I = 1; 2; 3 orthogonal to u . In
that basis, eq. (10.58) will be ful lled, where
(10.59)
TIbJb = eIb eJb T :
(In other words, we hoose oordinates that are adapted to the basis ve tors eIb at one
point q only, whi h is always possible.)
Now, from (10.53) { (10.54), (10.58) and (10.59) the formula for the energy-momentum
tensor of a perfe t uid will follow. Let us hoose an orthonormal tetrad ei , i = 0; 1; 2; 3
in spa etime su h that eb0 = u , while ea h eIb , I = 1; 2; 3 obeys (10.57). Then
g ei ej = ij = diag(+1; 1; 1; 1)
(10.60)
and from (10.53) { (10.54), (10.59) and (10.60) we have
Tb0b0 = T u u = ;
(10.61)
Tb0Ab = T u eAb = u eAb = 0;
A = 1; 2; 3;
(10.62)
b
b
(10.63)
TAbBb = T A Bb = pÆ A Bb = pAbBb :
Applying the inverse proje tion, (4.16), we get
T = ei ej Tij = u u Tb0b0 + eAb eBb TAbBb
= u u pAbBb eAb eBb pu u + pu u
= ( + p)u u pg :
(10.64)
A perfe t uid whose pressure is identi ally zero is alled dust. It follows that for dust
T = u u :
(10.65)
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10.11 Equations of motion of a perfe t uid.
The equations of motion of the sour es of a gravitational eld, T ; = 0, for a general
perfe t uid are equivalent to
( + p); u u + ( + p)u ; u + ( + p)u u ; p; g = 0:
(10.66)
The identity (10.52) implies
u u ; = 0:
(10.67)
Contra ting (10.66) with u and using (10.52) and (10.67) we obtain
; u + ( + p)u ; = 0:
(10.68)
This is the energy onservation equation whi h says that the volume work pu ; generates
the energy stream u . Now using (10.68) in (10.66) we get
( + p)u ; u p; g + p; u u = 0:
(10.69)
These are the general relativisti equations of motion of a perfe t uid. In the Newtonian
limit ( ! 1) and in asymptoti ally Cartesian oordinates, they go over into the Euler
equations of motion of a perfe t uid dv=dt = gradp.
Eqs. (10.68) and (10.69) simplify for dust, when p = 0. Equation (10.68) then be omes

u ; = 0;
(10.70)
whi h is the relativisti equation of ontinuity (mass onservation) that in the Newtonian
limit goes over into =t + div(v) = 0. Equation (10.69) be omes
u ; u = 0:
(10.71)
This one means that the ovariant derivative of the ve tor eld tangent to the ow lines
along these lines is zero. This ful ls the requirements of the de nition of a geodesi in
aÆne parametrisation, see Se . 5.2. Consequently, dust moves along geodesi lines, and
the proper time of the parti les of dust is an aÆne parameter on these geodesi s.
The ne essary and suÆ ient ondition for a geodesi motion
of a perfe t uid is weaker

than p = 0. As seen from (10.69), it is p; g u u = 0. The operator h =
g
u u proje ts tensors on the hypersurfa e elements orthogonal to the ve tor eld u .
The equation h p; = 0 means that the gradient of pressure is ollinear with the velo ity
eld, i.e. there are no spatial gradients of pressure in the omoving oordinates.

10.12 The osmologi al onstant.
It was lear from the beginning that the predi tions of general relativity would signi antly
di er from those of Newton's theory in two situations:
1. In strong gravitational elds, when the region where lo al inertial frames exist
be omes small.
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2. In large sub-volumes of the Universe, where even small departures of the real geometry from the Eu lidean geometry umulate over large distan es and be ome visible during
observations of distant obje ts.
Consequently, when Einstein thought about physi al appli ations of his newly invented
theory, one of the rst things he tried was to onstru t a model of the Universe. At that
time everybody was sure that the geometry and matter distribution in the Universe are
time- and spa e-independent. Cal ulations showed, however, that under these assumptions
the Einstein equations allow no solutions.
At that moment, Einstein was on the verge of making another great dis overy. The
year was 1916, while the rst observations proving the expansion of the Universe were
published only in 1927. Yet this time Einstein's belief in prejudi e turned out to be
stronger than his tenden y to think boldly. While sear hing for a reason of the failure
of his rst attempt, Einstein did not question the assumption that the Universe is stati ,
but turned his suspi ion against his equations (10.22). He had soon found a gap in his
reasoning: the left-hand side of the eld equations
that has all the required properties need
1
not ne essarily be the Einstein tensor R 2 g R. One an add to it any symmetri tensor
H whose ovariant divergen e vanishes and whi h does not depend on the derivatives of
the metri . Su h a orre tion will not in rease the order of the eld equations, while the
equation R 12 g R + H  ; = 0 will still hold. The simplest tensor of this property
is g , where  should be a universal onstant. The modi ed Einstein equations
1 g R + g = T 
R
(10.72)
2
in the limit ! 1 go over into the modi ed Poisson equation
  2 = 4G:
(10.73)
Hen e, the onstant , alled the osmologi al onstant, des ribes an e e t that is
absent from the ordinary Newton theory: a universal attra tion (for  > 0) or repulsion
(for  < 0) of matter parti les.
For the modi ed equations (10.72) the following stati , homogeneous and isotropi
solution exists:
ds2 = 2 dt2 R2 d2 R2 sin2  d#2 + sin2 #d'2  ;
(10.74)
where
1
R=p = p
(10.75)
 2 G ;
 being the average mass density in the Universe, onstant by assumption. The spa etime
orresponding to the metri (10.74) is, by tradition, still alled the Einstein Universe,
although it is no longer onsidered a model of the real Universe. Sin e  < 0 in it, the
\ osmologi al repulsion" balan es the gravitational attra tion, whi h allows the the system
to be stati (but unstable against perturbations of (10.75), as we will see in Se . 14.8).
This brief story shows that in fa t the osmologi al onstant appeared in onsequen e
of an error. Had Einstein not insisted on obtaining a stati model of the Universe, he would
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have predi ted that the Universe should expand or ollapse, 11 years before the expansion
was observed. When he realised later how lose he was to making that predi tion, he said
that the introdu tion of the onstant was \the biggest blunder of his life" [53℄.

That story has a ompli ated ontinuation. Hubble, who is redited with the dis overy (today in fa t
dis overy) of the expansion of the Universe [54℄, had not believed, until the end of his life, that the
Universe is a tually expanding. He insisted, even in his last paper that appeared in print after his death
[55℄, that expressing the observed redshifts in spe tra of galaxies through their equivalent velo ities of
re ession is merely a onvenient mathemati al devi e. See Ref. [56℄ for more details.
Then, in 1934, Milne and M Crea [57℄ showed that expansion of the Universe ould and should have
been predi ted on the basis of Newton's theory of gravitation in the 18th entury sin e all the mathemati al
knowledge ne essary for that purpose had existed already at that time. The predi tion was not made
be ause nobody tried { just be ause everybody was sure the Universe was stati .
Sin e about 2000, the osmologi al onstant is ba k in favour. A -like medium alled \dark energy"
is believed to propel the expansion of the Universe at an a elerated rate. This is supposed to explain the
observations of supernovae of type Ia, whose distan es were found in onsistent with a Robertson { Walker
Universe expanding with de eleration. The on ept of \dark energy" is now a epted in astronomy with
an unshakable faith, and its authors even obtained a Nobel prize for their work. Still, it was shown by a few
authors that the existen e of dark energy is a onsequen e of using the Robertson { Walker lass of models
to interpret the observations. Using the more general Lema^tre{Tolman lass (see our hapter 15) one
an explain the supernovae observations by irregularities in the expansion aused by an inhomogeneous
distribution of matter in the Universe; see Refs. [58℄ and [59℄. This alternative explanation has no
impli ations for the value of , the possibility of  = 0 being not ex luded.
re

The absolute value of , if nonzero, must be less than 10 50 m 2 [53℄, so it an play
a role only in the evolution of the Universe. In the Solar System, it has no observable
in uen e on the motion of planets. Still, a great number of solutions of the modi ed
Einstein equations (10.72) is known [33℄, both inside matter distributions and in va uum.

10.13 Mat hing solutions of Einstein's equations
Just as in ele trodynami s, in gravitation theory we sometimes have to mat h solutions
of Einstein's equations obtained separately for di erent spa etime regions. Most often,
we want to determine whether a given va uum solution an be interpreted as the exterior
gravitational eld to a material body for whose interior we have found another solution.
After mat hing, the arbitrary onstants in the va uum region are determined in terms of
the parameters of the interior metri .
[53℄ Page 410 { 411 in Ref. [52℄.
[54℄ E. P. Hubble, Pro . Nat. A ad. S i. USA 15, 169 (1929).
[55℄ E. P. Hubble, Mon. Not. Roy. Astr. So . 113, 658 (1953).
[56℄ G. F. R. Ellis and A. Krasinski, Gen. Relativ. Gravit. 31, 1985 (1999).
[57℄ E. A. Milne, Quart. J. Math. Oxford 5, 64 (1934); W. H. M Crea and E. A. Milne, Quart. J.
Math. Oxford 5, 73 (1934); both papers reprinted in Gen. Relativ. Gravit. 32, 1939 and 1949 (2000),
with an editorial note and authors' biographies by A. Krasinski, Gen. Relativ. Gravit. 32, 1933 and 1935
(2000).
[58℄ M. N. Celerier, Astron. Astrophys. 353, 63 (2000).
[59℄ H. Igu hi, T. Nakamura and K. Nakao, Progr. Theor. Phys. 108, 809 (2002).
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Sometimes we are interested in des ribing a surfa e matter distribution on the boundary
between two regions, but we shall ex lude this ase here. Generally, we assume that there
are no singularities of the type of Dira Æ fun tion in omponents of the urvature tensor
and that the hypersurfa e a ross whi h we mat h the two metri s is non-null. (Together
with surfa e matter distributions we thus ex lude sho k waves in whi h the dis ontinuity
in the Riemann tensor is mat hed to va uum solutions on both sides. Null mat hing
hypersurfa es pose additional problems.)
Under these assumptions, the omponents of the Riemann tensor an at worst be disontinuous a ross the mat hing hypersurfa e . We have to allow dis ontinuities be ause,
for example, the mass-density of a perfe t uid body is nonzero at its surfa e, but zero at
adja ent va uum points { and it is related to the Ri i tensor via (10.64) and (10.22).
In order to dis uss the mat hing onditions, it is most onvenient to use the oordinates
adapted to  introdu ed at the end of Se tion 7.11. This time, n = 3, Vn = , and the
spa etime metri in the adapted oordinates is
ds2 = gabdxa dxb + "N 2 dx4 2 ; a; b = 1; 2; 3;
(10.76)
where the x4 oordinate may be timelike (then " = +1) or spa elike (" = 1). The unit
normal ve tor to the +boundary x4 = A = onstant is X = (0; 0; 0; 1=N ). For x4 > A
we have one metri g (e.g. va uum); for x4 < A we have another g (e.g. the interior
of a material body). Sin e  has to be the same, whi hever of the two 4-metri s is used
to des ribe it, the omponents gab have to be ontinuous a ross . Sin e on  they are
fun tions of the xa - oordinates, the same fun tions no matter whi h 4-metri is used to
al ulate the gab(), the ontinuity of all the derivatives of gab along , i.e. of the derivatives
by xa , is automati ally guaranteed, and we need only take extra are about gab;4.
So far, we have made sure that the boundary hypersurfa e  has the same intrinsi
geometry in both metri s. However, if the regions on the opposite sides of  are to be
parts of the same manifold, then  must have the same extrinsi geometry with respe t to
both metri s, i.e. be embeddable in both in the same way. Without that, we might end
up trying to identify a ylinder with a plane, for example. Hen e, the se ond fundamental
form of  must be the same, whi hever of the two metri s is used to al ulate it.
Thus, nally, the onditions that two metri s, g+ and g , an be onsidered to des ribe
two parts of the same manifold are as follows:
A hypersurfa e  must exist su h that, in oordinates adapted to  as in (10.76), the
+ () = g ()), and the se ond fundamental form of
metri s indu ed on  are the same (gab
ab
 must be the same, whi hever metri , g+ or g , is used to al ulate it.
Now we will investigate the onsequen es of these onditions for the Riemann and
Einstein tensors of the spa etime and for the Riemann tensor of  using the Gauss {
Codazzi equations (7.62) and (7.63). With X = (0; 0; 0; 1=N ) and x oin iding with xa
in  for ; a = 1; 2; 3, Eqs. (7.62) and (7.63) be ome
Rdab () = Rdab (V4 ) + " ( a db
(10.77)
ab d ) ;
(10.78)
ab;
a ;b = R4ab (V4 )=N :

10.14.
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Sin e Rdab () and ab are ontinuous a ross , the - omponents of the 4-dimensional
Riemann tensor, Rdab (V4 ), will be ontinuous a ross , too. The ovariant derivatives of
ab in (10.78) are taken within , so they are also ontinuous. This means that R4ab (V4 )=N
has to be ontinuous a ross , but N and R4ab (V4) individually need not be { they may
have a dis ontinuity that an els out in the quotient.
We still have to onsider the omponents R4a4b (V4 ) that are not determined by the
Gauss { Codazzi equations. They are, using (7.65) in the square bra kets

1 g44g
1 g44; g
1 g44g
1 g44; g
2
4
2
R4a4b = "N R a4b = "N
b 44;a
44;ab
4 ab;4
4
2
4
2 ab;44
#
 
1
44
+ 2 g g44; ab + 41 g44g dg b;4gad;4
()

= "N N;ab + "N g b ad + "N ab;X   :
(10.79)
These omponents ontain terms that are not intrinsi to , like g44gab;44 , so they an be
dis ontinuous a ross .
Now we nd for the omponents of the Einstein tensor:
1 gabR ; G = R ;
G4 4 =
4a
4a
2 ab
1 g g d Re g g d R4 :
(10.80)
Gab = R a b + R4 a4b
ed
ab
4d
2 ab
This shows that G4 4 is ontinuous a ross , while G4a and Gab an be dis ontinuous.
Note what this means for mat hing a perfe t uid solution to va uum a ross a timelike
hypersurfa e su h that the velo ity has no omponent in the x4 dire tion (i.e. is tangent
to ). Then G44 = p, and sin e G4 4 = 0 in va uum and has to be ontinuous a ross ,
this means that p = 0 must hold on .
d

10.14 Exer ises.
Verify that the Newtonian limit of eqs. (10.69) are the Euler equations of motion of a
perfe t uid dv=dt = gradp.
Hint: Use the asymptoti ally Cartesian oordinates in whi h the metri has the form
(10.37) { (10.38), and observe that in these oordinates the four-velo ity u has the form
u0 = 1, ua = v a = , a = 1; 2; 3.
2. Verify that eq. (10.70) be omes the ontinuity equation =t + div(v) = 0 in the
Newtonian limit.
3. Verify that eqs. (10.74) { (10.75) indeed represent a solution of the modi ed Einstein
equations (10.72). The energy-momentum tensor is that of a perfe t uid, the velo ity eld
is u = Æ 0= . Find the pressure.
1.

